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Two dimensional categories and polygraphs

» A 1-category is a data C made of :
> aset Cqy of O-cells of C,
> for every 0-cells x and y, a set C(x, y) of 1-cells from x to y.
> for every O-cells x, y and z, a 0-composition map
*0 : C(x,y) x C(y, z) — C(x, z),

v

for every 0-cell x, a specified element 1x of C(x, x),

v

such that

> the composition is associative :
((uxo v) xo W) = (Uxp (V*owW)),
for every O-cells x, y, z, t,and 1-cellsu : x - y,v:y -z, w:z — L
> the identities are local units for the composition :
IxxoU = U = Ux1y.
for every O-cells x, y and 1-cellu : x — y.

» Monoid M(.,1y) < category M with one O-cell e :
> 1-cells of M(e, @) are elements of M,

> 14 <> 1y, composition u g v in M(e, e) < product u.v in M.
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Two dimensional categories and polygraphs

» A functor F: C — D is a data made of a map F, : Co — Dy and, for
every 0-cells x and y of C, a map

Fxy @ Clx,y) — D(Fo(x), Fo(y)),
such that

» for every O-cells x, y and zand every 1-cellsu: x — yandv:y — zof C,

Fx,z(U*o v) = Fx,y(u)xg Fy,z(v),

> for every O-cell x of C,
Fx,x“x) = 1F0(x)'

» A 1-polygraph is a directed graph (o, X¢) :
So
2o ét: 24
0

> given by a set 2, of O-cells, a set £ of 1-cells,

> maps sy and fp sending a 1-cell x on its source sy(x) and its target fp(x).
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Two dimensional polygraphs and polygraphs

> The free category L] generated by a 1-polygraph (Zo, Z1) :
> objects are the 0-cells in X,
> for any O-cells p and g, the elements of 2} (p, q) are paths in (Lo, Z1) :
PLHH £>P2£>--~X,7;1>Pn4 iﬂl
> the composition is the concatenation of paths,

> the identity on a 0-cell p is the empty path with source and target p.

» A 1-polygraph L generates a category C if

» ¥ has the same 0O-cells as C,
» for every 0-cells x and y of C, the map
(%, y) = Clx,y)
is surjective.
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Two dimensional polygraphs and polygraphs

» A 2-polygraph X is a triple (X0, 21, X2), Wwhere
> (Zo,Xq)is a 1-polygraph,

> I, isa cellular extension of the free category Zj :

//,—"__‘"mﬁky
S0 51 spsil o) sy (e
Z(] — EI — Zg = : o =
to t1 sota (o) toty o]

» The elements X, are called the 2-cells of L, or the rewriting rules of X.

» A congruence on a category C is an equivalence relation = on parallel
1-cells of C that is compatible with the composition of C :

X——Yy z——t

u
w /—\’W/
\V/

of C such that u = v, we have wuw’ = wvw'.
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Two dimensional polygraphs and polygraphs

> If I'is a cellular extension of C, the congruence =r generated by I is the
smallest congruence relation such that, if y: u = visinT, then u =r v.

» The quotient of C by TI' is the category C/T :

» the 0-cells of C/TI" are the ones of C,

» for every 0-cells x, y of C, the set C/T'(x, y) is the quotient of C(x, y) by the
restriction of =r.

> The category L presented by a 2-polygraph I is the category
T = 3i/%.

> A presentation of a category C is a 2-polygraph £ such that C ~ I.

» the 1-cells of X : generating 1-cells of C, or generators of C,
> the 2-cells of X : generating 2-cells of C, or relations of C.

» 2-polygraphs are Tietze-equivalent if they present the same category.
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Two dimensional polygraphs and polygraphs

Example.

The plactic monoid P, of rank n is presented by the 2-polygraph Knuthz(n) :
» setof 1-cells: [n:={1<...<n}
» 2-cells are the Knuth relations :

{zxyn%zxzyﬂ§x§y<z§n}u{yzx6¥}zyxz|1§x<y§z§n}.

»> (Schensted, 61, °’70), (Knuth, ’70) : Young tableaux and insertions.

» (Lascoux, Schiitzenberger, '81) : theory of symmetric polynomials
> first correct proof of the Littelwood—Richardson rule

> representations of finite-dimensional complex semisimple Lie algebras

» Kashiwara crystal theory
» Littelmann path model

» Classification of plactic monoids in classical types and exceptional ones.
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Two dimensional categories and polygraphs

» A 2-category is a data C made of :
» aset Cgy of O-cells of C,
> for every O-cells x, y, a category C(x, y),
> whose 0-cells and 1-cells are called the 1-cells and the 2-cells from x to y of C.
> for every O-cells x, y, z, a functor

xV% 1 Clx,y) x Cly,2) — Clx,2),

> for every O-cell x, a specified 0-cell 1x of the category C(x, x),

such that

> Associativity : for every O-cells x, y, zand t :

125t XY,z X5yt ,Z,t
*yDlo (kg V% X Mg (z) = *p? o (Idg( 4L

x,y) X*p
> |dentities axiom : for every 0-cells x and y :
X)X)
*g Yo (

*g’y’y o (Id(j[x‘y),1 y).

Tx X Idc(x,y)) = lde(x,y)
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Two dimensional categories and polygraphs

The free 2-category L over a 2-polygraph X :
» the O-cells of =" are the ones of X,
» for every 0-cells x and y of Z, the category X5 (x, y) is defined as
- the free category over the 1-polygraph whose

- 0-cells are the 1-cells from x to y of Xf,

- 1-cells are the

with ocin £, and w and w’ in £7,

- quotiented by the congruence generated by the cellular
extension
aws(B) x1 tla)wp = s(a)wp x1 awt(B),

for cand B in £ and win X7.
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Rewriting properties of 2-polygraphs

Let £ = (X0, L1, X2) be a 2-polygraph.

» A rewriting step of X is a 2-cell of the free 2-category X5 :

where « is 2-cell of £, and w, w' are 1-cells of ;.
> A rewriting sequence of X :

W= Wo = o = Wy = -

> w rewrites into w’ : £ has a non-empty rewriting sequence from w
to w'.

» wis a normal form : £ has no rewriting step with source w.
» w'is anormal form of w: w’ is a normal form and w rewrites into w’'.

» ¥ terminates if it has no infinite rewriting sequences.
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Rewriting properties of 2-polygraphs

Let £ = (X0, L1, X2) be a 2-polygraph.

» Branching of X is a pair (f, f;) of 2-cells of £; with a common source :

fﬁv
u
3

»> Local branching : f and f; are rewriting steps.

» A branching is confluent :
f f'
ﬁ N
Q§§:> ::55;2
fi f

» I is confluent : all of its branchings are confluent.
> Jocally confluent : all of its local branchings are confluent.

Newman’s Lemma. The local confluence property and the confluence
property are equivalent for terminating 2-polygraphs.
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Rewriting properties of 2-polygraphs

Let £ = (X0, X4, X2) be a 2-polygraph.
» ¥ is convergent if it terminates and it is confluent.
> every 1-cell win I} has a unique normal form w:
> w—=w’'inZif andonlyif,  — w’ holds in £.
» Local branchings of L :
» aspherical branchings : shape (f, f) with source u and target (v, v).

fu1/> VU4

uuy

ufx uvy

1

> Peiffer branchings :

> overlapping branchings : remaining local branchings.

» Local branchings are ordered by the order C generated by

(f,f) C (ufv,ufv).

» Critical branching : overlapping local branching minimal for C.
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Rewriting properties of 2-polygraphs

Critical pair theorem. A 2-polygraph is locally confluent if, and only if, all its
critical branchings are confluent.

Example. The Knuth presentation Knuth,(2) of the plactic monoid P» :
> 1-cells: 1,2,
> 2-cells M2 211 = 121, €122 221 = 212.

» This presentation is

> terminating,

»> convergent :
2n1,1,2

2211 2121.

€1,2,21
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Rewriting properties of 2-polygraphs

Consider a terminating 2-polygraph %, with a total termination order <.

The Knuth—-Bendix’s completion of £ ~» 2-polygraph £5(%) :
» We start with B(Z) = £ and the set CB of critical branchings of Z.

> If CB is empty, then the procedure stops.

> Otherwise, we pick a branching (f, f{) with source u :

%vé}?

u

> If v = », then (f, f;) is confluent and we pass to next critical branching,

> Ifv> v, weadd o : V= v; to KB(XZ) and all the new critical branchings
created by « to CB,

> IfV < vj,weadd o : vy = Vto KB(Z) and all the new critical branchings
created by « to CB3,

> we remove (f, f;) from CB and restart from the beginning.

Theorem. (Knuth-Bendix, 70). ICB(Z) is a convergent presentation of X.
Moreover, ICB(X) is finite if, and only if, £ is finite and the Knuth—Bendix’s

completion procedure halts.
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Rewriting properties of 2-polygraphs

Example. Consider the Knuth presentation Knuth,(3) of P; whose 2-cells are
211 LA 121, 311 N2 131, 312 "%3 132, 322 ‘2:>“ 232,

221 'L¢ 212, 231 5‘:>23 213, 331 fg} 313, 332 ‘2:>33 323.

This presentation admits the following critical branchings :

ne23%, 231 225 3031715/ 4131 2092 32321 °Y 32182 sty 13211 fa121 Ly
AN
3221 s 33211 b 33221 Trenea 31211 11321
w3212 3 3812) > 31321 o> 33212 32312 > a1zt > 19121 =,
"2 13231 Ly n223lly 03911 Z1L1E pgqp1 228 54301 "2 13201 M228 12321
31231 13213 32211 Terear 31221 o
ao S 31218 = e 32121 —— 28211 5 23121 mmzmwﬁmmz
12252 232314 32321 "2, 23231 L2 235, 32031 432313 205
32221 Teea 32231 23213 33231 32133
o> 32212520212 . 32213 = s 33213 —, 32313 -

£1,1,27 K\,2,::3‘ K1,2,::32 ‘\,s,g‘ ‘1,3,:;2 K2,3,:;2
2211:§2121 2311 2131 2312 2132 3311 3131 3312 3132 3322 3232

2y {2 2913 214203 EEPR 3nq2/3 3nz2/3
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Rewriting properties of 2-polygraphs

By Knuth—Bendix’s completion procedure, we add the following 2-cells

3212 8 2321, 32131 ¢ 31321, 32321 [t 32132

Again using these new 2-cells, we obtain the following critical branchings
252 a23021 242021 14 323213 <2 Py a21028 221282 <L =% g2312 S
332321 321323 323212 232132 33212 32132

%}332132:}323132:}321332% S5 320321 — 232321 —— » 323212 —
£2,3,3192 ey 2/392 2,3,3 9 Np,2,4321 " 9 1"

Do 313211 EE 313121 2 g1 301 L1 23,3190 303131 2124 301331 20301343 =L
321311 131321 332131 313213

aﬁ 321131 — 312131 —; 132131 ‘/M’ S 331321 —,313321 — 313231 %

2n1,1,8%

Fol s 032111 bl 5gqp1q 218 pgqqpy LA 5y3ynq 22K pyqgpy Hua 2 323211 2% 321321
321211 313213 309101 %7

\ / 32814 1.5
e 32121 === 312121 ——; 132121 = 128211 — 128121 ——

2B10 €1,2,3%1

I 232131 =22 231321 1228 513301 224 213031 P25 313212 28 312321 228" 32321
321231 [pores 321812 Les

% 321213 — 232118 — 231213 —; 218213 _— 321132 = 312132 =3 182132

2230y 1.2 3213¢ 59

P 232121 =5 223211 T 293121 22 pp1 31 —L1 3232131 2% 3213231 —2228 . 3593013

21221 212321 a~ 5231
3 3 3 wan 3231321 —> 3213321 —> 3213231
€1,2,3 €2,3,3
e 821212 3 202112 231212 —— 213212 —
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Rewriting properties of 2-polygraphs

Theorem. (Kubat-Okninski, 11). For n > 3, there is no finite completion
of KB (Knuthz(n)) compatible with the lexicographic order.

Skech of proof.
Prove by induction that Knuth,(4) does not admit a finite completion.

N2,3431 3 30431 €2,33431s 303431

Bo [

34231 332431

34213 :‘%32413%32143 332143ﬁ323143%321343
3$ N2,3,41 321134 % £2.33143 31,2343

Suppose that there exists a rule 3, 1 : 323" '431 = 3213/ 43 added after
the i-th step of completion. Then :

82,% 323/431

33237431

3p, = 33213 143 —3 32313’ 143 :% 321343
23313 361233143

B

Question. Does the plactic monoid admit a finite convergent presentation ?
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Column presentation of the plactic monoid of type A

> (Young) tableaux :

1]2]4]4]4] Reo/(t) = 6421 8521 531 632 54 74 4
313[5]7]
5|6

t =

| O | =

O BN =

» Schensted’s insertions :

1[3[3[5] cng 2 — 2 g [1[3[3]5] =
214(7 " ' 2147
4|5 415

> u=231415
(2] s, [3] B3] .. 1

g B
- G- "

5] = Y(u)
s,
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Column presentation of the plactic monoid of type A

> (Young) tableaux :

11]1]2[4]4]4] Rooi(t) = 6421 8521 531 632 54 74 4
t = [2[2|3[3]5]7]
4(5(5(6
68
» Schensted’s insertions :
113[3]5] o — 2 113
Iz S o1
4|5 415
> u=231415
El \
T T
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Column presentation of the plactic monoid of type A

» (Young) tableaux :

1]1]1]2]4]4]4] Rcoi(t) = 6421 8521 531 632 54 74 4
t =[2]2[3[3[5|7
14[5[5]6]
6[8
» Schensted’s insertions :
1335]Ms,2: [3[5] 2WS’1335]_
21417 121817 21417
4[5 4] 4[5
6] 6]
> u=231415

((((((0 e~g, 2) e~g, B) e~g, 1) e~g, 4) ~5, 1) «~g, 5)

B e
2]

= (25 (8~ (125 (4 s (1 ~5 (55 0)))))
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Column presentation of the plactic monoid of type A

> The juxtaposition of two columns u =X, ...x; and v =y, ..

can form a Young tableau.
X .
» Denote u " v in other cases :

4 3
H H
u=5] and v=g] or u=7| and v=[5].
B B E

Lemma. Suppose u " v. The tableau Y/(uv) consists of at most two columns.

Moreover, if Y(uv) contains exactly two columns, the left column contains
more elements than u.

> Foru” v, define

X,
cuCy =¥ cy
such that

» wand w’ are the columns of Y(uv) if it consists of two columns,
> w = uv and w’ is empty, otherwise.
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Column presentation of the plactic monoid of type A

Theorem. (Cain-Gray-Malheiro,14). The 2-polygraph Colz(n) :
» 1-cells : column generators,

04 X
» 2-cells : cuey == cweyr, for u’ v,
is a finite convergent presentation of the plactic monoid P,.

Example. For n =2,

We have

2 1| 1 = 2 -
s B s s
hen

X2 4,21 X221
CCy —> C21 C1C21 é C21Cy C2C21 é C21Co.

Hence

X2, X1,21 X2,21
Colx(2) :< C1,C2, Co1 | C2C1 = C21, C1Cot é C21Cy, C2C2q % Co1C2 >

27/29



Plan :

1. Two dimensional categories and polygraphs

2. Rewriting properties of 2 polygraphs

» The Knuth-Bendix’s completion

3. Column presentation for the plactic monoid of type A

4. Coherence

28/29



Coherence

» Coherent presentation :

> a presentation of the category,
> generators
> rules

> globular homotopy generators : the relations amongst the relations

» Squier’s theorem

» Column coherent presentation of the plactic monoid, (H., Malbos, '16) :

> generators : columns
> rules: oy : CuCy = CwCyr

»> homotopy generators :

CeXg/ t
Xy, v G CeCe’ Ct é CeCpCp/ Xe,bCh’
CuCyCt CaCmCp
Culv,F g ey Cyr CaCar G ,aﬁa’,w’

» Plactic monoids of classical and exceptional types : convergent
presentations ? coherent presentations ?
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