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properties of au ARS , such as . . .
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Abstract rewriting theory studios / \
. f- ✗ (a.→ uns . . . a- - I
i

directed transformations between z

"
'

'

i
, !

abstract objets . -

= CONVERGENCE
( x , y) x - y

. . . express that in each équivalence class ,
A first application of rewriting was

their exists a distinguished element
in couponing elements of a set modulo which represents the entire class . These
some Equivalence relation on a set X : are called normal forms .

✗
• In this way , comparaison problemes au sohrd

•

g.
by chasing a

"

base - point
"

in each Connected

Component and describing a contraction of
" word each to that point via directed transformations
problem

"

"

O - dimensional choice + direction
"
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RELATIONAL DESCRIPTION Properties of the ARS become einequalifia
in this algebra :

Au ARS way
be though of as a

relation R C- ✗ ✗✗ : CONFLUENCE CHURCH-ROSSER

- .

•
Ès .

ix. g) c- R = x is rewritten to y % JE '

:

x ⑨ ③ y'

i
,

i À
,

, j'
ÏR"

.

The set of relations ou X , equipped with Rt '

i

, ÉE "
Union and composition , forme the relation

algebra on ✗ : AEB ⇒ AUB =p .

RIR' Epitope (RUE)- E R" •TU .

c-

Classic results way be expressed and moved(PIX ) ? ' Q '
°

'
L

' ⇒
in this setting , using format methode :

- ↳ ✗ ✗✗

-The converse of R is TR -- { lyix / Geiger} Thin (Church-Rosser)
Let REP(Xxx) . Then

-The réflexive , transitive closure
'

'

of a relate!R' Epi . À- ⇒ (RUE)- E Rtopi
tion S is devoted I .

-



#
In the relational description , there is The same properties and result way be expressed
no clean notion of

"

parallel
"

transformation. here , but now we cancouypareth-pathss.tndud , for Ris c- PLX✗X) we way have ✓ \lxiy) E R and luig) c- 5 ,
but R -1-5 .

Coherence

rewriting
or forA①We have limited 1- dimensional information . . .

Coherence properties are traehed via higher -POLYGRAPHIC DESCRIPTION
dimensional cells ; we consider a cellular

we can also describe am ARS via the extension A of ET :

notion of 1- polygraphe E = (Eo ,
Ei) :

So 1- S '

AT ← que
Zo % E ' %

t
,E. E- Et

se
f-

y rr
"

^ rr
rt so

si [ 2-gwupoid .

µ ±
.

"

=
± &

,

t'

④
⇒-Ij

→

xis-rewntentoy.uaj .
The source and target maps satisfy globularity :

si

T free groupait free category so si = Sot , and tosi-t.to
.

g. ✗ c- A §
te (a)



While convergence deals with O -dimensional ! This is the motion of normalisation shrategy .
contractébility dong directed paths , coherence DIF : Recall that au ARS generalis au

expresses I
- dimensional wutraetibility aloug Equivalence relation ou O -cells ( connected

components) . Given a section of that relationuudinieuted 2- cells :
'

(Î : Eo - E ,EEE : au ARS E is coherent wrt A if :

solflashg) a normalisation strabegy for E vont À is
It fig c- ZÎ

, t.yp.t.gs
7 ✗ c- À

, ✗ if⇒g. a map
o : s - EFf

such that for all x c- Eo

Java g µ ✗ §
va :X- Û and oû = là

au parallel
g

Remonte : In the ease of a convergent ARS ,
In ordu to prove coherence of a convergent Ty consider the section given by normal

ARS , we proved in a similar way to lrfore ; forms .
convergence is used to show that we way chose

a 11- dimensional) "

base - point
"

in each set of x •
" Ig. Û

parallel arrows .



For a convergent ARS Z ,
coherence wrt the ② Normalisig Church-Rosser :

cellular extension A given by local branchages "

Evey zig-zag can be pareil to a confluence in o
"

can be proved in three steps :
→ fig c- E ,

For way local branding (f. g) , soy' -1Gt f.¥]
. . .

← JE
xeo • ychose a confluence ( f

'

, g
' )

.

. ¥1.Define A by tatung a %Y ⇒% oa.org
"

i. ¥ £- j
g. au × :☒&⇒Ï[

j.j.si

for euery local branding .

Fix a normalisation sewapegy ,

&
"
"

" ←
"

J
"

③ Coherence n'a base -points :
"

Evvy pain of parallel zig-zags are paved
"

wait normal forms .

, , g.→gq-t.pl
= tlg' ) &

① Normalising Newman
"

Evey branchiez can be pareil to a confluence ino
"

a !r_ÏÉÎ§oyÈ I "

:* :O à:#ËËËÏdû.
⇒

• à Il
induction ⑥Ûi

%# Yosi
% = ai

sur



Formulaire and prove the coherence thm ( K ,
+ , o) is a commutative idempotent uwuoid

-

for convergent ARS in Kleene algebras .

Q + y = Q V4 c-KI " union"

Ere : This endvws K with au ordering
① modal Kleene algebras and ARS ⇒ y + µ = tu

② 2-Kleene algebras and paving
( K ,

•

/ 1) is a urouoid
" composition

③ Strategies and coherence . concaténation
"

Multiplication distributeur over addition

I - P : K- K is a map satisfy iy :
1. MKA & ARS .

1+4.4
'
c- 4.

,
1+4%4<-4* ( unfold)

A Kleene algebra is a structure

3+44<-4 ⇒ 4 " ? " " } (induction)← vu

( K ,
+

, 0 ,
•

, 1 ,
l -P) I

} + + ce ⇐ tu ⇒ z.ie
.

= tu

such that . . .

This is collect the Kleene star .



Example : Path algebras This is called a domain opération .The set
het E be a 1- polygraphe . Then Ko = { 41 duel = ce } = d (K)
(Pki) , U , 0 ,

⑨
° , 1. , f)À is calla the domain algebra ; restrictif

is a Kleene algebra ; devoted by K(E) . the operations to Ko gives a distributive

40.4 ÷ { f * og | fell , get and t.ly) = sig)} ,
lattice bounded by O and I

.

4*0 : = { fi % - " tofu / ne N , fi c- Q
"

, t.ly:) = sdf:*)},
We way also consider a range opération

U {Le /xeg} r : K- K Satisfymy domain axions in the
I
.

= { la l x e E. } .

opposite Kleene algebra (in which multiple _
Modal Kleene algebras cation is revesed) . G. Shuter et al

Consider a Kleene algebra equipped
A Kleene algebra while a domain andwith a map d : K- K satisfy irg

a range à called a modal Kleene algebra
dla = 0

, 4 = d (4) - il , drettedu DHD
, if

d or = r and rod = d .

§ du +4) = dll) + dit .
This assure that the domain and range algebras
coincide .



# Elements of Ko Will be devoted p , q , r . . .

Modalités .

ardoad >=D As the name indicateur
,
in a modal Kleene

Axiomahsiy notions of anti domain and algebra , each element gives rise to Model
anti range , we way equipe Ko with

diamond operators ou ko :
a Boolean complexation , ée . 7:Ko→Ko_☐

For euery 4 c- K
, 14 > : Ko- Ko

p . np = O
, p + np

= 1 .

14 > ( p) : = d ( Q .

p)
"

forwarddiamud
"

These are called Boolean MKAS .
Hence - _

"

The set of points from which a U -stop you into p
"

forth we will consider such structures .

Simi laly ,
we define a bachwavd diamond

Example : For Q c- KLE)
, we have:

< Qllp) = rlp.tl ) ,
→ d (4) = { la / 7f c- Q , so (f) = a } ,

and forWard/baehwavd box operators :

ru) = { 1g / 7f c- Q , t.ly) = y } ,
14] (p) = 7 /y >Gp) and [4141--7<414 p) .

p = { la / xe AE Sol . Tp = { 1g / y c-☒àAl
.

KLZ) . E P (Eo) .



Example : For QEKLE) , p c- KIE)
. /Converses in MKA .

Il > ( p ) = { la / 7ff :X→ g)c- Q with Iyep } .
Let K beau MKA equipped with an

involution [ 4- = { f
" 1 f c- 4 }

.

"
converse

"

À : K - K

satisfymg Abstrait rewriting in MKAS
.

(QÆ = 4- + I
,
4.7 = ¥ . T

, • Confluence properties are given by semi -
commutation . Let 4 , tu c- K :[Tess) = (a)• and die) E 4.4-

.

→ ( 4,4 ) semi - commuter ^

À"Conversion exchange domain/range as well as - lglobally) if
Ë*Î .forwardlbachward modalités : q : +* ⇐ µ :&

"

dll ) = UE ) le > = < Et :
'

- bocally if À
r (4) =D là) <QI = là > .

q.lu ⇐ µ • ce È. - * Îe .
Finally , it is idempotent ou Ko :

We soy that Q is (heavy) confluent
p_ =p for all p c- Ko . if ( 4- il) semi- commute ( localhost .



→ (4,4) has the Church-Rosser pwpaty if Classic result from abstrait rewriting way now

(Q + µ)
"

ç Met à be expressed and proved in MKA :

À -

→ Ie .

Theorem ( Formal Newman)G.Struth une
4 has the CR pwpuhy if (E , Q) does .

Let Qe k be bocally confluent and

tuouinating . Then Q is lghobally) confluent .•Termination properties are captured n'a modal
.

operators . Lt Q c- K :

Theorem ( Formal Church-Rosser)G- Shuter
4 terminales if for all p c- Ko , Lit Q , t' c- K .

Then

p s µ > ( p) ⇒ p = 0 . 14,14 semi - courantes <⇒ (YN) has the CR prop .

-
pis emphy

"

.

I can sketch a Moog if there is interet ."

p contains a Q - loop
"

÷
or a a-4-pan Otherwire on to highu dimensions !

We have an equivalent formulation with boxes :

Hp c- Ko
,
14] tp) sp ⇒ p =L .

When Qe K is confluent and terminales ,
we sang à 4 is convergent .



2. 2-MKAs & paving .

Now we med some anions describing the
interaction of these structures :

trader to capture coherence properties in i ) Weak exchange law : for Al Bi A
'

) B
'

EK ,

Kleene algebra , une weed au extra dimension . (Aoi A ' ) -0. (Bog B ' ) § (Aa B) ⑥ , /À % B ')
A modal 2- Kleene algebra (2-MKA) is ✗ tt

p ,µ
.

XI PE

×
,µ

•
P"

µ;
•

µ pi
a structure

E)
( K ,+10 foi , Ii , H

"

,
di

, ni
) i. a , ï) Compléteras of 1- unit wrt 0 - multi

1,0 . 1 , = I ,such that

• for i = o
, we obtenir a Boolean MKA iii) Domain

.

Range absorption : Ko ⇐ Ki
d ,

o do = do and r,
o Ro = Ro

• for i --1 we obtenir a MKA .

iv) Kleene star axions : for AEK , Qe ki
,

° "" Mete

y , . µ ,
, µ ,µ

,
,

any yy.gg , qq.g.gg
,
,The domain algebra associated with di will

be devoted by Ki .



To avoid confusion , devants of . . . Example : 2- path algebra .

.
. .
Ko will be devoted p , q , r , . . Les E be a 1-polygraphe with cellular

• . . Ki Will be devoted Q
,
X , J , . .

extension A. Then the structure

other elements of K Will be devoted A , B, C, . . . (MAI) ,
U

, ¢ ,
① i , Ii , f)

* i

, di , si)i⇒ , ,

is a globular 2-MKA , where the operations
Finally , we want domain and orange are defined as in the 1-polygraphe case .

to satisfy globularity conditions :

This structure is devoted by KLE , A) .
do =LÉ hod,= = ho

-
di (Ao. B) = de (A) ① • de (B)

ri (AaB) = r
,
(A)au (B)

° Modalités

Just as in the case of MKA , we
obtenir

This meam that we have homomorphismes modal operators in each dimension :

Ko K, K [A>il4)
= dsl Aoi4)

,

•

< Ah (4) = alla A)

LA>. ( p) = d. (Aap) ,
< Alo (p) = NAO . p) .MEE



Paving in 2- MKA . Complétion
Let A c- K and 4N c- Ki . Let A be a filler for ( leit) . We

• A is a local confluence filler for (qu) if define the total whisheuhg of A by

Â = (4+4)*0.0
. A 0 . (4+4)!QQ.VE/AY.(µ :p ..) À

t
'

,

,

A

t' Y ←
%

7 The complétion of A is the element Â
"

.= dslAAH" .ie:))
• A is a confluence filler for (YN) -if

-

m
=-a-a

4ÈME / A>
, !µ :*%) Ï\

,

,

A

vi. ←
%. •

• A is a Church-Rosser filler for (Qt) if '

-

<
( il + TT

>

le +H" 1^-74%4") iii.¥? -



3. Strategies & coherence sections
, shekhar & strategies

fet K
,
be a Boolean MKA and UE Ku , p c- Ko

.Notice that in a 2- MKA
,
we can

' t

describe coherence via paving from zig-zags → The équivalence genuated by Q is the

to zig-zags ; indeed element 4T : = ( C + 4- |" . /↳Ils
V-figc.EEparallel

→ p is a covering set for U if/ Â" ? (14+9)%1=>-14 + e- IL :S⇒g.
✓ 14T > ( p ) = to

is satisfied by any element A sine A sectionGilis a minimal covering set .
FY '
= 1s

→ A Wide sub of Q is an element & c- Ki
The solution to this problem is to capture such that WE Q and

the motion of normalisation strategy in MKAS; IQ >
.

= 14 >
.
and < 41

.

= < Ho
.

coherence Will te satisfied when A skeleton of Q is a minimal wide sub .

( ce + E)" E IÂ" >, Loo . E) → Finally , given a section S of Q
,
a

<
( 4 + E) %

y strategy for ( ie , s) is a skeleton o of'

i IA" Ï
os
:X
-
Û

•

'

'

à QT.gs such that 5%0 ES . oû = là



Exhaustive itération & normal forms . Eren buter , we have :

Les Q c- Ki .

The exhaustive itération of Q Lemma : For Q c- K
, convergent ,

is defined as i) n fa is a section of 4 .

euh lle)- Q " ① . (> d. (Q)) . ï) any skeleton of entr ( le) is a
"

do 4 steps until no bouger possible
"

. strategy for ( Q , nfa) .

The normal forms element of Q is This result
,
and other Technica lemmes ,

defined as suggest that this is a
"

good
" definition

nfe : = r
.
( entr (H) of strategie in MKA .

Ne rediscover known properties : In the polygraphie model KLEI ,
a strategy o : E- ET gives a strategy→ 1f 4 à confluent , Hamal forms are unique :

< extr (et |
.
/ euh (e)? ( p) s p

in the reuse of MKA by nmply considering
its image :

→ 1f Q terminales , a normal fam may be
o (E) = { on I see so }

.reached from any point : d.( euh/ 4)) = 1. .



A formal coherence theorem .
Thurey ( Abstract coherence . ) .

Now we can state the main results of
Unda the same hypothesis , we have

this wok : cet ± IÂ"7100 . E)
_

qui. .

.
'

Theorem (Coherent uormalinhg Newman) .

② par
intro

.Lef K be a 2-MKA and Q c- Ki

convergent . If A is a local confluence filler
be and o is a strategos perce ,µ ,

au

ÜË
4-"0.4" E IÂ">, (oo.ir)

THANK%Ï
Ë① m YOU !
the intro .


