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Abstract rewriting in algebraic contexts

I Abstract rewriting appears in various algebraic contexts:

I String rewriting systems,
abcde −→ cdeba

I Term rewriting systems,

I Diagrammatic rewriting systems,

−→

I In higher-dimensional categories,

I In linear structures, such as associative algebras:

xyz −→ 2x3 + 2y3 + 2z3

I In operads.

I Algebraic tools provide ways to prove termination and confluence:

I Monomial orders to prove termination.

I Local confluence is examined by confluence of critical branchings. 2 / 10



String rewriting

I Example: Let X := {a, b, c, d} be an alphabet. The free monoid on X , denoted by X ∗

contains all the words on letters a, b, c, d .

I A string rewriting system (SRS) is given by an alphabet and a set R of rules reducing a
word of X ∗ into a word of X ∗.

I Consider the 5 rewriting rules:
ab → bc,
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Termination, normal forms, branchings

I Let (X ,R) be a SRS. A rewriting step of (X ,R) is a reduction

u

s(f )

t(f )

f��
v where u, v ∈ X ∗ and f : s(f )⇒ t(f ) ∈ R.

I Notation: ufv : us(f )v ⇒ ut(f )v .

I A word x is a normal form if there is no word y in X ∗ such that x ⇒ y .

I A SRS terminates if there is no infinite reduction. In that case, any word admits at least a
normal form.

I A branching (resp. local branching) of (X ,R) is:

v

u

w

where f , g are rewriting sequences/paths (resp. rewriting steps), and u, v ,w ∈ X ∗.
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Confluence and branchings

I A (local) branching (f , g) is confluent is there exists rewriting paths f ′ and g ′ as follows:

v f ′

�$
u

f ,4

g )1

u′

w g′

<D

I If a SRS is confluent, any element x ∈ X ∗ admits at most one normal form.

I A SRS is convergent if it is both terminating and confluent: any element x ∈ X ∗ admits
exactly one normal form.

I Newman’s lemma: If (X ,R) terminates, confluence and local confluence are equivalent.

I There are three forms of local branchings:

I Aspherical:

KS

��

I Peiffer/orthogonal:

KS

��

I Overlappings:

KS

��

and

KS

��
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The critical branching lemma

I Local branchings are ordered by (f , g) v (ufv , ugv) for u,v ∈ X ∗. A critical branching is an
overlapping branching that is minimal for v.

I There are two shapes of critical branchings:
KS

��

and

KS

��

.

I Critical branching lemma: A SRS is locally confluent if and only if all its critical branchings
are confluent.

I Proof: Case by case.

I Aspherical and Peiffer are always confluent:

v 1v

��
u

f -5

f
)1

v

v 1v

AI

u′v u′g

�"
uv

fv /7

ug '/

u′v ′

uv ′ fv′

=E

I If (f , g) is an overlapping branching, there exists a critical branching (h, k) and u, v ∈ X∗ such
that f = uhv et g = ukv .

x h′

� 
w

h .6

k (0

w ′

y k′

@H ×u on the left
 

×v on the right

uxv uh′v

�$
uwv

f=uhv .6

g=ukv '/

uw ′v

uyv uk′v

<D
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Decidability of the word problem

I Let M be a monoid presented by generators X and relations R.

I Question : given two words u and v in X ∗, are they equal modulo the relations of R ?

I Normal form algorithm : If for an orientation of rules of R, the SRS (X ,R) is convergent,
this is decidable.

Input : u, v ∈ X ∗

Result: Boolean u = v in M ?
Reduce u into û ;
Reduce v into v̂ ;
if û = v̂ then

u = v in M.
else

u 6= v in M.
end

I How to prove termination ?

I Define an order that statisfies s(f ) > t(f ) for any f ∈ R, and such that d(uvw) > d(uv ′w) for
any u, v , v ′,w ∈ X∗ satisfying d(v) > d(v ′).

I In general: degree lexicographic order. Fix an order ≺ on elements of X .

u >lex v iff `(u) > `(v) or `(u) = `(v)

and u = x1x2 . . . xk−1xkxk+1 . . . xn, v = x1x2 . . . xk−1ykyk+1 . . . yn with yk ≺ xk .

I How to prove confluence ?

I First, prove termination.

I Then, study the confluence of all critical branchings.
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Reduce v into v̂ ;
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Examples

Example. X = {a, b} and R = {ab α⇒ ba}.

I Termination: degree lexicographic order on a > b.

I Confluence: no critical branching.

I Normal forms: words of the form bman.

Example. X = {a} et R = {aa α⇒ a}.

I Termination: the number of a is strictly decreasing.

I One confluent critical branching.

aa
α +3 a

aaa

aα .6

αa )1 a
α
+3 a

I Normal forms: a.

Exemple. X = {s, t} et R = {sts α⇒ tst}.
I Termination: degree lexicographic order on s > t.

I One non confluent critical branching:

sttst

ststs

tstts

stttst

sttsts

tsttss

stttstts

sttsttst tsttssts

tsttstst
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Examples

I The previous procedure, called Knuth-Bendix completion, may not terminate. When it does,
it gives a convergent SRS that presents the same monoid.

I B+
3 does not admit a finite convergent presentation with two generators, Kapur &

Narendran, ’85.

sttttst

stttsts

stttα .6

γs (0 tsttsss

I X = {s, t, a} and R = {ta α⇒ as , st
β⇒ a} presents the same monoid.

I Termination: degree lexicographic order on s > t > a.

aa

sta

sas

aat

sast

saa

aaas

sasas aata

saaa

aaaa aaast

sasaa

saaat aatat

I The SRS < s, t, a | ta α→ as , st
β→ a , sas

γ→ aa , saa
δ→ aat > is a convergent

presentation of B+
3 .

I Example: stasas
?
= sasssts

stasas ⇒ aaaa⇐ sasstst ⇐ sasssts
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A SRS is a 2-polygraph!

I X can be interpreted as an oriented graph with one vertex •, and x : • → • for any x ∈ X .

I X ∗ is the free 1-category on this oriented graph.

I R is a cellular extension of X ∗, that is a set equipped with source and target maps
s1, t1 : R → X ∗.

{•} X ∗oooo (· · · )oooo

X

s0

ee
t0

ee OO

R

s1

ee
t1

ee

with globular relations: s0s1 = s0t1, t0s1 = t0t1.

I Example : 〈 •, {s, t}, {sts
α

V tst} 〉

• t // • s

��
•

s 44

t **

•

•
s
// • t

EEα
��

I From generating rules of R, we define rewriting steps as C [f ] : C [s1(f )]⇒ C [t2(f )] where C

is a context of X ∗, given by composing on the left and right with elements of X ∗:

• u •

s1(f )

t1(f )

• v •f��
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